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 E : [0, T ] × Z → R 
 Ψ : Z × Z → [0,+∞) 
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∂vΨ(z(t), ż(t)) + ∂E(t, z(t))  0, t ∈ (0, T ). )*
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6 Ψ(z, λv) = λΨ(z, v) #  λ ≥ 0 
 (z, v) ∈ Z × Z.
?	6  	 
  )*  
  	 
  #      
"
   6  
& 
  33    
 #  3 

 3  




 # )*6  
  	 
  Ψ   3
 
   z6  6











   3	3 #   33  















 Ψ     

 
6 & &  	  3 z → E(t, z)
  








 &  	   
 &




















 #6 & &  & )# <3  






 )'Ψ*!)Ψ*  7	 
 & 
 =+?2>6 & 
  )'Ψ*    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 #   z(t)    ẑ  

  #  3
  
 E(t, z(t)) − E(t, ẑ),  
    3
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 Ψ(z(t), ẑ−z(t)) @
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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(z1+z2)) ≤ 12E(t, z1) +
1
2
E(t, z2) − κ8‖z1−z2‖2
|Ψ(z1, v) − Ψ(z2, v)| ≤ ψ∗‖z1−z2‖‖v‖
}
∀ z1, z2, v ∈ Z
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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	  	{
z0 := z(0),
zk ∈ argmin{ E(tk, z) + Ψ(zk−1, z − zk−1) | z ∈ Z } # k = 1, . . . , N ;
# 	  3  
 0 = t0 < t1 < · · · < tN = T  %	6 &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S(t) = { z ∈ Z | E(t, z) ≤ E(t, ẑ) + Ψ(z, ẑ−z) ∀ ẑ ∈ Z }
 
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 E  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 # E(t, z) = Ê(z)−〈(t), z〉6 &  Ê  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ż(t) ∈ ∂IC(z(t))(−DE(t, z(t))), t ∈ (0, T ), ),*
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 {C(z)}z∈Z    #  #  
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#	
Ψ(z, v) := sup{ 〈σ, v〉 | σ ∈ C(z) } #  z, v ∈ Z,

 IC(z)   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  #	
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ż(t) + ∂IK(t)(z(t))  0, t ∈ (0, T ),
{K(t)}t∈(0,T ) 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ż(t) + ∂IK(t,z(t))(z(t))  0, t ∈ (0, T ),
& K 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 z ∈ Z '	 3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 	  
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ż(t) ∈ ∂IK(t,z(t))((t) − z(t)), t ∈ (0, T ),
&   ∈ C1([0, T ];H) ?  7	   
  





	  )*6  6





  	 	
  #&0
Ψ̃(t, z, v) := sup{ 〈y, v〉 | y ∈ K(t, z) } 
 Ẽ(t, z) := 1
2
‖z‖2 − 〈(t), z〉
#  z, v ∈ H 
 t ∈ (0, T ).  	 
 
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 	 3 
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B(z, σ) = sup{ 〈σ, v〉 − 1
2
Ψ(z, v)2 : v ∈ Z }.
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6 B 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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    	#6 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    # (z, σ)
#	: 
 B(z, σ) = 1/2 & 
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7	6 (Z, ‖ ·‖Z) )& &  #
 &  ‖ ·‖  
 # ‖ ·‖Z* &    3

 36 &  	 (Z ′, ‖·‖Z′) 
 	  3  
 〈·, ·〉  
  L(Z,Z ′)
 3 #   
 	
 3 # Z  Z ′ A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  Ψ : Z × Z → [0,+∞]
 &  	33 
E(t, ·) : Z → R   
/ 
  # t ∈ [0, T ], )*

   #	
 
 t ∈ [0, T ] → E(t, z)    9
  #  z ∈ Z6 & 
∂tE(·, z) : [0, T ] → R   	6 

∃C0 > 0 ∃λ0 ∈ L1(0, T ; [0,∞)) ∀z ∈ Z : |∂tE(t, z)| ≤ λ0(t)(E(t, z) + C0).
)*
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 ∀t, s ∈ [0, T ] 
 ∀z ∈ Z & 
E(t, z) ≥ −C0, 
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 ∂E(t, ·) 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    z6  
ξ ∈ ∂E(t, z)  # 
 
  # E(t, w) − E(t, z) ≥ 〈ξ, w − z〉 ∀w ∈ Z. )2*
    3 
 3
  Ψ6 & 	 
Ψ(z, ·) : Z → [0,+∞)   
/6 3   
	 #   ∀z ∈ Z,
)*
∃CΨ > 0 ∀(z, v) ∈ Z × Z : Ψ(z, v) ≤ CΨ‖v‖. )J*
"
 3 	6  )J*
D(Ψ(z, ·)) = Z ∀z ∈ Z. )*
%6  
 (z, v) ∈ Z × Z6 ∂vΨ(z, v) 
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 	 9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Ψ(z, v + v̂) ≤ Ψ(z, v) + Ψ(z, v̂) #  z, v, v̂ ∈ Z )*
%	6 )*    
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/  C(z) ⊂ Z ′ & 
Ψ(z, v) := sup{ 〈σ, v〉 | σ ∈ C(z) } #  v ∈ Z. )-*
6 #  z ∈ Z Ψ(z, ·)      	  #   C(z)0 	6    
    )J*  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  ) =;>*6 &  #  v, z ∈ Z
∂vΨ(z, v) = argmax{ 〈σ, v〉 | σ ∈ C(z) } ⊂ C(z) )*




∂vΨ(z, 0) = C(z) ∀z ∈ Z. )*
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* & z ∈ W 1,1(0, T ;Z) '
 
  z(0) = z0 
∂vΨ(z(t), ż(t)) + ∂E(t, z(t))  0 	   t ∈ (0, T ). )'*
( 	 )	    	 * ω, ξ : (0, T ) → Z ′  
ω(t) ∈ ∂vΨ(z(t), ż(t)), ξ(t) ∈ ∂E(t, z(t))  ω(t) + ξ(t) = 0 	   t ∈ (0, T ).
),*
    
	   #	 
 # < 
J
  )A 	 
* & z ∈ W 1,1(0, T ;Z)   z(0) = z0 
	 * ξ : (0, T ) → Z ′   	   t ∈ (0, T )   ξ(t) ∈ ∂E(t, z(t))

Ψ(z(t), v) + 〈ξ(t), v〉 ≥ 0 ∀v ∈ Z, )' *
Ψ(z(t), ż(t)) + 〈ξ(t), ż(t)〉 ≤ 0. ) *
? 3# #  #& 
 7	 
 	 #&   3# # =+?26
? ,>
  +	    )*)*  E  )*  Ψ 
)	 &	 , -    &	 , , 	  
.	 A z ∈ W 1,1(0, T ;Z) #	: )'* ?
6      
 ξ(t) # ∂E(t, z(t))∩
(−∂vΨ(z(t), ż(t))) #  t ∈ (0, T ) #	: 
 ),*6 &  &   ż(t)6 	
 
 
 ) *  
	 )' *  
 
 6  
  & # )* 
 )*6
−ξ(t) ∈ C(z(t)) = ∂vΨ(z(t), 0)
B
6  #   
 ξ(t) ∈ ∂E(t, z(t)) #	: )' * 





Ψ(z(t), v) − Ψ(z(t), ż(t)) ≥ 〈 − ξ(t), v − ż(t)〉 ≥ 0 ∀v ∈ Z,
  
 −ξ(t) ∈ ∂vΨ(z(t), ż(t)).
  +
  ψ(z, 0) = 0 	  z ∈ Z       	 
 ξ  ∂E(·, z(·))  
ξ(t) ' )' * ⇐⇒ ξ(t) ∈ ∂E(t, z(t)) ∩ (−∂vΨ(z(t), 0)). )2*






 # <  









  ). 	 
* & z ∈ W 1,1(0, T ;Z)  z(0) = z0 
 	  t ∈ [0, T ]    )'Ψ*   	
  )Ψ* 









 	6 &      
 #   






 8  3 3  
6 6 =,6 A ,,>6 &  3











     E : [0, T ] × Z → R    )* )*

∃λ1 ∈ L1(0, T ) ∀ t ∈ (0, T ) ∀z, ẑ ∈ Z : |∂tE(t, z)−∂tE(t, ẑ)| ≤ λ1(t)‖z−ẑ‖.
)*
&			     z ∈W 1,1(0, T ;Z)   	 *   g 
g(t) ∈ ∂E(t, z(t)) 	   t ∈ (0, T )  g ∈ L∞(0, T ;Z ′). )J*
(    t → E(t, z(t))     (0, T )  	 	 
	  ζ(t) ∈ ∂E(t, z(t))    
d
dt
E(t, z(t)) = 〈ζ(t), ż(t)〉 + ∂tE(t, z(t)) 	   t ∈ (0, T ). )*
.	  6 & 3 
 	 6  
  & # )* 





















& &   	 )* 
 ),*   






&   3 t → ∂tE(t, z(t))    
 L1(0, T ), 
'
6  )J*6  /   
   N ⊂ (0, T ) 	  # t ∈ (0, T )\N 6
g(t) ∈ ∂E(t, z(t)). ?	6 	 
 )J* 
 )*6 # s, t ∈ (0, T ) \ N &  s ≤ t &

E(t, z(t)) − E(s, z(s)) = E(t, z(t)) − E(t, z(s)) + E(t, z(s)) − E(s, z(s))














   &6 &  
  &  
E(t, z(t)) − E(s, z(s)) = E(t, z(t)) − E(s, z(t)) + E(s, z(t)) − E(s, z(s))



















	  )*  #  0 ≤ s ≤ t ≤ T, 
  	 
 
	 




6  ζ  
    





6   # 3 
 t0 ∈ (0, T ) 	  ddtE(t, z(t))|t=t0
/ 6 ζ(t0) ∈ ∂E(t0, z(t0)), 
 t0    A	 3 
 # λ1 
 #  3
t → ∂tE(t, z(t))   # #	 	 &6  	  t06 
  )* #
s := t0−h 
 t := t0 &  0 < h < t06       h 




























≤ 〈ζ(t0), ż(t0)〉 + 0 + ∂tE(t0, z(t0)).
)*
"
   &6 /3  
 )-* 
  
 s = t0 
 t = t0+h    6 &
 
    
7	  d
dt
E(t, z(t))|t=t0 ≥ 〈ζ(t0), ż(t0)〉 + ∂tE(t0, z(t0)) ?	6
& 
	   
 	 #	 )*  t = t0
&6 &    #	  
/ 7	 
 	
   )* )* )* )J* )*  )J* 
" z ∈W 1,1(0, T ;Z) '  )	 &	 /&0   	 ),*
   ξ ∈ L∞(0, T ;Z ′)  t → ∂E(t, z(t))  z  '  1
&	 )'Ψ*  )Ψ* 
!	   z ∈ W 1,1(0, T ;Z)  )'Ψ*  )Ψ* '  
	 &	 /&0 
.	  &  /3  <3  
 , 
  




  A 	 
  
  . 	 
 
8
6  ξ    
 # ∂E(·, z(·))  







   ) *6 
 	 
   
 	 #	 )*6
&  )'Ψ* #&   
 v := ẑ − z(t)  
 )' * # 














 A %  
 %33
 / %6 )'Ψ*  
0 ∈ ∂E(t, z(t)) + ∂vΨ(z(t), 0) #  t ∈ (0, T ),
&  
  3 
∀t ∈ (0, T ) ∃ξ(t) ∈ ∂E(t, z(t)) ⊂ Z ′ ∀v ∈ Z : Ψ(z(t), v) + 〈ξ(t), v〉 ≥ 0. )*
@
   





 	  t → Ψ(z(t), ż(t))    
 L1(0, T ) ) 
  & # )J*

 # ż ∈ L1(0, T )*6 
  t → ∂tE(t, z(t))    
 L∞(0, T ) ?( 
 t   
-
A	 3 
 #  & 3  &  # ż6 &  
6 # 




(E(t+h, z(t+h)) − E(t, z(t)))
= 1
h
(E(t, z(t+h)) − E(t, z(t))) + 1
h














 h ↘ 06  :  
   !
   
  〈η, ż(t)〉6 &   
 
   	  )*6 
  A	!3 
 33 # t # ∂tE  ' 

    # )Ψ*  0
d
dt
(E(t, z(t))) + Ψ(z(t), ż(t)) = ∂tE(t, z(t))6 &   
∀η ∈ ∂E(t, z(t)) : 〈η, ż(t)〉 + Ψ(z(t), ż(t)) ≤ 0.
"
 
 η := ξ(t)6 &   ) *    :  &
    	
 3
6 &  
 
   
  33 3  
 
  # 33 =+?--6 +?A6 +?26 ++> ?    6 &   &  
  3 
 3
  Ψ      D 
 Z  
D(z0, z1) := inf
{






 DissΨ   :
 





  	 z : [0, T ] → Z6 
  	 
 [s, t] ⊂ [0, T ]6  
  # z 
 [s, t]   :
 


























	    !#6 
  #	 
 # < 
  )
  	 
*  	 z : [0, T ] → Z    
  	  .	 , -   (E ,D)  	  t ∈ [0, T ] 
  	 )'D*   

 	 
 )D*    
E(t, z(t)) ≤ E(t, ẑ) + D(z(t), ẑ) ∀ẑ ∈ Z, )'D*




"        # z ∈ W 1,1((0, T ), Z)  )'D* 
 )D*6 




 	 	 	  
?		    
6 & &  	   
 #	
 
 E : [0, T ]×Z → R
3  &  )* 
 )*
86  	  
  
 &    	    
/  	3 
 
 E  "





∃κ > 0 ∀z0, z1 ∈ Z, ∀t ∈ [0, T ], ∀θ ∈ [0, 1] :
E(t, zθ) ≤ (1 − θ)E(t, z0) + θE(t, z1) −
κ
2
θ(1 − θ)‖z0 − z1‖2
),*
& zθ := (1 − θ)z0 + θz1 A 	   
  
 ),* 
  E  
κ	 *  





t ∈ [0, T ]      3 
E(t, ẑ) ≥ E(t, z) + 〈ξ, ẑ−z〉 + κ
2
‖ẑ−z‖2 ∀z, ẑ ∈ Z ∀ξ ∈ ∂E(t, z). ),*
% # Ψ6   )* 
 )J*6 &  	33   /  ψ∗ > 0 	 
|Ψ(z, v) − Ψ(ẑ, v)| ≤ ψ∗‖v‖‖z − ẑ‖, ),,*

 ψ∗ < κ. ),2*
#  
   
 	 #    
6 & 
    3 /36 & 




    	 
  E(t, z) = κ
2
z2 − λtz 
 Z = R  









Ψ(z, v) = r(z)|v|, 
 r(z) =
⎧⎨⎩
1 + ψ∗ 	 z ≤ 1,
1 + ψ∗(2−z) 	 z ∈ [1, 2],
1 	 z ≥ 2,

 ψ∗ ≥ 0 	 ψ∗ < κ  	 
 







0 	 t ∈ [0, (1+ψ∗)/λ],
(λt−1−ψ∗)/κ 	 t ∈ [(1+ψ∗)/λ, (1+ψ∗+κ)/λ],
(λt−1−2ψ∗)/(κ−ψ∗) 	 t ∈ [(1+ψ∗+κ)/λ, (1+2κ)/λ],
(λt−1)/κ 	 t ≥ (1+2κ)/λ.






     
! 

  z  " 
λ/(κ−ψ∗)     	 κ−ψ∗ ↘ 0










 z(t) ∈ S(t)   
 
 |κz(t)−λt| ≤ r(z(t)) 
	 	" t > (1+2κ)/λ  
  z(t) ∈ S(t) = [(λt−1)/κ, (λt+1)/κ] ⊂ (2,∞)
#	 






	 (1, 2)  

 
   
 	
 0 ∈ ∂Ψ(z, ż) + κz − λt  ż > 0





	 " ż ≤ 0

 !   )* )* )* )J* )* )J* ),* ),,* 
),2*    z ∈W 1,1(0, T ;Z)  .	 , - '
‖ż(t)‖ ≤ λ1(t)
κ− ψ∗ 	   t ∈ [0, T ].
"  		  λ1 ∈ L∞(0, T )  z ∈ C(0, T ;Z) 













‖ẑ − z(s)‖2 + E(s, z(s)) ≤ E(s, ẑ) + Ψ(z(s), ẑ − z(s)) ∀ẑ ∈ Z #  s ∈ (0, T ).
),*
"
6 & :/ s6 	 #  




  ),* # t = s 




6 & 	  z #	: )' *  s6 &  ξ(s) ∈ ∂E(s, z(s))

 v = ẑ − z(s) 8
6 ),* #&
?
6 ∀ t ∈ [0, T ] 




‖z(t) − z(s)‖2 ≤ E(s, z(t)) − E(s, z(s)) + Ψ(z(s), z(t) − z(s))
























&  :  
7	     
  
 ẑ := z(t)  
 ),*6  
  
7	!
  #& #  
/  # Ψ(z(s), ·)6    
 #  
  
 
)Ψ* )#	:  z  
  & # <3  
 *6 
   
 # )* 

),,*         /  	3 




"   z ∈ W 1,1(0, T ;Z)      	 *   
α  β  β < α    γ ∈ L1(0, T ; [0,∞))   ∀ t ∈ [0, T ] 
	   s ≤ t
α
2
‖z(t) − z(s)‖2 ≤
∫ t
s
γ(τ)‖z(t) − z(τ)‖dτ + β
∫ t
s
‖ż(τ)‖‖z(τ) − z(s)‖dτ. ),J*
(  
‖ż(t)‖ ≤ γ(t)
α− β 	   t ∈ (0, T ). ),*
.	  
  N  
    	  
 s ∈ (0, T ) \ N 3 
&  ),J*6 
  L ⊂ (0, T ) \ N   # t &   A	 3 
 # ż 



















  # A	 	 #	
 
     (0, T )\L
 	  8
6     	I 
  &  ),*  
 L
   t0 ∈ L 
 	I 
  h > 06 & 
      

),J* # s = t0 
 t = t0 + h #    
  h
26 
 (     h → 0 











  ‖ż(t0)‖/2      #&
? 

 #   
  #!







(z(t0 + h) − z(t0)) → ż(t0) @
  

6  		 #  9
 &




   /3    
     #&0∣∣∣∣ 1h2
∫ t0+h
t0




























 ρ(h) := sup{ ‖wτ−ż(t0)‖ | τ ∈ (0, h] }6 & :

ρ(h) ↘ 0 # h↘ 06  & 
a(h, θ) =
1
1−θ (wh − θwθh) 




6     #& #∥∥∥∥ 11−θ (wh − θwθh) − ż(t0)
∥∥∥∥ ≤ 11−θ‖wh− ż(t0)‖+ θ1−θ‖wθh− ż(t0)‖ ≤ ρ(h)1−θ + θρ(h)1−θ ,
& &   	  θ < 1.











  0  : 
 	   A	!3 
 33 ),* #
γ6  
 




   # ),J*6 & 	  
     & 
#  : 6 	 
& γ   3  ‖ż(·)‖ ∈ L1(0, T ; [0,∞))
?	6 ),-*    
,
  " E  Ψ(·, v) 	 2   	   
 (	 3 ,    	  %  
〈D2E(t, z)w,w〉 + DzΨ(z, w)[w] ≥ δ‖w‖2, ),*




"   s ∈ (0, T )        ż +
 )' * 
) *  ξ(t) = DE(t, z(t))  v = ż(s)   α : t → Ψ(z(t), ż(s)) +
〈DE(t, z(t)), ż(s)〉 ' α(t) ≥ 0  α(s) = 0 4  
0 = α̇(s) = DzΨ(z(s), ż(s))[ż(s)] + 〈∂sDzE(s, z(s))+D2zE(s, z(s))ż(s), ż(s)〉.
 ),*  )*  
λ1(s)‖ż(s)‖ ≥ |〈∂sDzE(s, z(s)), ż(s)〉| = −〈∂sDzE(s, z(s)), ż(s)〉
= DzΨ(z(s), ż(s))[ż(s)] + 〈D2zE(s, z(s))ż(s), ż(s)〉 ≥ δ‖ż(s)‖2,
   	 	 
    
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  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    	3 
 
 E 
 Ψ &  &    
 3  
 
3# # ? 2J6 # 
   
 
 # ' 
  +6 & 

 ∂E ⊂ [0, T ] × Z × Z ′  3 #  !	 3 (t, z) → ∂E(t, z)
 #  ! 
$ %# E  	33  E 3  & 
)*6 )*6 )J*Q  6 & 

  	3 




∞(0, T )   Λ1 := ‖λ1‖L∞ 6 & 
 
∀z, ẑ ∈ Z;∀t ∈ [0, T ] : |∂tE(t, z)−∂tE(t, ẑ)| ≤ Λ1‖z−ẑ‖. )2*
  	    
/  ),*6 











  # 
 7	
 (tk, zk, σk)k∈N  
 ∂E &  tk → t6
zk ⇀ z  
 Z6 
 σk ⇀ σ  
 Z
′6 &  (t, z, σ) ∈ ∂E 






Ψ : Z × Z → [0,∞)   7	
  &( &  
 
		, )2*
z → C(z) ⊂ Z ′   7  3  
  &(!&( 3 # Z×Z ′.)2J*
)2J* 
 
(zk, σk) ⇀ (z, σ)  
 Z × Z ′ 
 σk ∈ C(zk)  3  σ ∈ C(z) )2*
"   Ψ : Z × Z → [0,+∞] ' )* )J*  )2* ( )2J* 
 
∀v ∈ Z : Ψ(·, v) : Z → [0,∞)   %  )2*
.	  6 & 3 )2J* ⇒ )2*0  
  & # )2*6     	I 
  & 
zk ⇀ z ⇒ lim sup
k↑∞





 #	 )-*6 # 
 k > 0 & 







 {σk,v}k∈N   	
  
 Z ′  )J*6 & / 	7	

zkj ⇀ z  
 Z6 σkj ⇀ σ  
 Z
′6 
  )2* 
	  σ ∈ C(z),   # 
v ∈ Z & 
lim sup
k↑∞
Ψ(zk, v) ≤ 〈σ, v〉 ≤ Ψ(z, v).
% #  
  3  
6 & &  &  )2* ⇒ )2*0  
6 & :/ 
7	
 {(zk, σk)} ⊂ Z × Z ′  
  
  
 # )2*6 
 &   σk ∈
C(zk) = ∂vΨ(zk, 0)   7	 
 
〈σk, v〉 ≤ Ψ(zk, v) ∀v ∈ Z.
8
6 & 3     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  &   
 3 Z = H1(Ω; Rm) = W 1,2(Ω; Rm) & Ω ⊂ Rd  
	
 
   A 3 C 	









|∇z|2 + F (x, z(x)) dx− 〈(t), z〉,






g(t, x) · z(x) dx+
∫
∂Ω
h(t, x) · z(x) da.
? #	
 








c|z|2 − β(x) ≤ F (x, z) ≤ C|z|ρ + β(x) ∀x ∈ Ω ∀z ∈ Rm,
& C, c > 06 β ∈ L1(Ω) 
  /3







% H1(Ω; Rm)   
 
		   
 Lρ(Ω; Rm)6         E :





 z ∈ H1(Ω; Rm)6 &  3 )*
+6 &       
E(t, z) ≥ 1
2













 #   〈(t), z〉
+6 ∂tE(t, z) = −〈̇(t), z〉 
 	 )*  &  C0 = α2+Cβ 
 λ0(t) =
‖̇(t)‖Z′/α26 &  )2* #& # ̇ ∈ L∞(0, T ;Z ′) "# &   
  3
  F (x, ·)   α3!	
 # 
/6 
 E(t, ·)   κ!	
 # 
/ & 
κ = min{α1, α3}
?   I	 
  
    
!&(!&( 
 #  3 #
∂E ⊂ [0, T ] × Z × Z ′   
 
∂E(t, z) = { −α1Δz + η − (t) ∈ Z ′ | η(x) ∈ ∂F (x, z(x)) #  x ∈ Ω },
& ∂F (x, z1) 
  	 9
  # F (x, ·)  
  3 
 z1   7	

(tk, zk, wk) ∈ ∂E 6 &  tk → t6 zk ⇀ z  
 Z 
 wk ⇀ w  
 Z ′6 & 
	
(tk) → (t)  





6 Δzk ⇀ Δz  






6 	  H1(Ω; Rm)   3   

Lρ(Ω; Rm) ?
6 zk → z  





&  	 zk(x) → z(x)  
 Rm #  x ∈ Ω &6 ηk := wk + α1Δzk +
(tk)     
 # ∂F (·, zk(·)) @
  
 
6    3 6   |∂F (x, z)| ≤
C|z|ρ−1 + β(x)6  ηk   	
  
 Lρ/(ρ−1)(Ω; Rm) @
   
 ηk ⇀
η := w + α1Δz + (t) 8
6 & 




	 η(x) ∈ ∂F (x, z(x)) #  x ∈ Ω6 & 	  A : z → ∂F (·, z(·))   
/  

 3 #    
 Lρ(Ω; Rm)  
   	 Lρ/(ρ−1)(Ω; Rm)
8&6 ηk ∈ A(zk)6 ηk ⇀ η 
 zk → z6 
  3  η ∈ A(z)6   
?   3 
 3






ψ(x, z(x), v(x)) dx,
&   
  ψ : Ω × Rm × Rm → [0,∞)   
 
		 +6









0 ≥ 0 	 
|ψ(x, z1, v) − ψ(x, z2, v)| ≤ ψ∗0|z1 − z2| |v| 
 0 ≤ ψ(x, z, v) ≤ c1|v|,
  )J* 
 ),,*      
  




 6  3  |ψ(z, v1) − ψ(z, v2)| ≤ c1|v1 − v2|  ψ∗0  
	6
),2*    #	:
?    &( 
 
	  33  # Ψ6 & 	 H1(Ω; Rm)   3
  
 Y := L2(Ω; Rm)    :
  
6 &  /




|Ψ(z1, v1) − Ψ(z2, v2)| ≤ ψ∗0‖z1−z2‖Y ‖v1‖Y + c1‖v1−v2‖L1(Ω).

  ‖v‖L1 ≤ vol(Ω)1/2‖v‖L2 6 & 
	  
 
	  # Ψ : L2(Ω; Rm) ×
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	






Pτ := {t0τ = 0 < t1τ < . . . < tNτ = T}, τ := max
j=1,...,N
{tjτ − tj−1τ },
#   
 (0, T )6 
  	  
	  #& 
  	  	6
  &    < 
  1 z0τ := z0 ' z
1
τ , . . . , z
N
τ ∈ Z  
zkτ ∈ argmin{ E(tkτ , z) + Ψ(zk−1τ , z − zk−1τ ) | z ∈ Z } 	 k = 1, . . . , N. )&'







 Ψ6 #  k = 1, . . . , N   





 zkτ  )&*   	
 7	6   
7	
 #  #& 

"   )* )* ),*  )2* (   {zkτ }Nk=0 





‖zkτ −ẑ‖2 ≤ E(tkτ , ẑ)−E(tkτ , zkτ )+Ψ(zk−1τ , ẑ−zk−1τ )−Ψ(zk−1τ , zkτ −zk−1τ ) ∀ẑ ∈ Z, )2-*
	 κ   	   *    E  ),* 
.	   ẑ ∈ Z,  	  ẑθ := (1−θ)zkτ + θẑ6 θ ∈ [0, 1]. ? 	
 #

/  #  3 z → E(tkτ , z) 
  
/  # z → Ψ(zk−1τ , z − zk−1τ )  
#  θ ∈ (0, 1)   
κ
2
θ(1−θ)‖zkτ − ẑ‖2 ≤ (1 − θ)
(




E(tkτ , ẑ) + Ψ(zk−1τ , ẑ − zk−1τ )
)
− E(tkτ , ẑθ) − Ψ(zk−1τ , ẑθ − zk−1τ ).
)2*
@
   
6   #& # )&* 
E(tkτ , zkτ ) + Ψ(zk−1τ , zkτ − zk−1τ ) ≤ E(tkτ , ẑθ) + Ψ(zk−1τ , ẑθ − zk−1τ ).
<	 
    
7	   
 )2*6    
     θ6 
  
 θ ↘ 06
& 
	 )2-*
($  &	 	 k = 1, . . . , N  	  	 )&*   
 {zkτ }k=0,...,N     '     
  

E(tkτ , zkτ ) ≤ E(tkτ , ẑ) + Ψ(zk−1τ , ẑ − zkτ ) ∀ẑ ∈ Z. )2*
"






 ) #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 
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 Zτ , Zτ : [0, T ] → Z 
  3 &   
  
3
 Ẑτ : [0, T ] → Z #
   	 
 {zkτ }Nk=0 # < 2,6 :
 
Zτ (t) := z
k







zk−1τ , t ∈ [tk−1τ , tkτ ].
%6  tτ : [0, T ] → [0, T ]  :
  tτ (0) := 0 
 tτ (t) := tkτ # t ∈ (tk−1τ , tkτ ]
@# 	6 #  t ∈ [0, T ] &  tτ (t) ↓ t  τ ↘ 0
 )* 
 A %6   
  C 









τ − zk−1τ ) + ∂E(tkτ , zkτ )  0 ∀k = 1, . . . , N.
L 
  1!
  #  #	
 




τ (t)) + ∂E(tτ (t), Zτ (t))  0 ∀t ∈ (tk−1τ , tkτ ]. )2*
 
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 # <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   3    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 !   )2*  E    )* )* )J* )2* ),*
)2,* )22*   Ψ ' )* )J* ),,* ),2* )2*  )2J* 
(  ! .	 , - 	  1 &	 )'Ψ*  )Ψ*   
      z0 /   )' *  	 z00    
		  {Pτj}     	    	  [0, T ] /  
tkτj − tk−1τj = tiτj − ti−1τj = τj ∀k, i0  ' τj ↘ 0  j ↑ ∞  {Zτj}, {Zτj},
{Ẑτj} 	   	  	 *   {τjn}n   
z ∈ W 1,∞(0, T ;Z)    
 	
   n ↑ ∞
∀t ∈ [0, T ] : Ẑτjn (t) ⇀ z(t)  Z )2,*
∀t ∈ [0, T ] : Zτjn (t), Zτjn (t) ⇀ z(t)  Z )22*
Ẑτjn
∗
⇀z  W 1,∞(0, T ;Z) )2*
∂tE(·, Zτjn (·)) → ∂tE(·, z(·))  L
1(0, T ) )2J*
∀t ∈ [0, T ] :
⎧⎪⎨⎪⎩
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 )A 3 C 	
*  )2* )* ),* )2* )* ),,*
 ),2*   
δk := ‖zkτ − zk−1τ ‖ 	  k = 1, . . . , N  τ > 0. )2*
( 	  k = 1, . . . , N    	   
δk ≤
Λ1
κ− ψ∗ τ. )2-*
  )2-*      





.	 A 	 3	 ẑ := zk−1τ  





‖zkτ − zk−1τ ‖2 ≤ E(tkτ , zk−1τ ) − E(tkτ , zkτ ) − Ψ(zk−1τ , zkτ − zk−1τ ). )2*
A 	 &  )2-*   (k−1)! 30 #  w ∈ Z & 
κ
2
‖zk−1τ −w‖2 ≤ E(tk−1τ , w)−E(tk−1τ , zk−1τ )+Ψ(zk−2τ , w−zk−2τ )−Ψ(zk−2τ , zk−1τ −zk−2τ );
 	 




 )2*6 & 
κ‖zkτ − zk−1τ ‖2 ≤ E(tkτ , zk−1τ ) − E(tkτ , zkτ ) + E(tk−1τ , zkτ ) − E(tk−1τ , zk−1τ )








τ − zk−2τ ) − Ψ(zk−2τ , zk−1τ − zk−2τ ) − Ψ(zk−1τ , zkτ − zk−1τ )
≤ Ψ(zk−2τ , zkτ − zk−1τ ) − Ψ(zk−1τ , zkτ − zk−1τ ) ≤ ψ∗‖zk−1τ − zk−2τ ‖‖zkτ − zk−1τ ‖.
)2*
@
   
6  )2*








≤ Λ1(tkτ − tk−1τ )‖zkτ − zk−1τ ‖.
)2,*
?	6  
 δ0 = 0 
  







(tkτ − tk−1τ ) +
ψ∗
κ
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τ (r))dr + E(t, Zτ (t)) ≤ E(s, Zτ (s)) +
∫ t
s
∂tE(r, Zτ (s))dr )2J*
 	 	  	   s, t ∈ Pτ , s < t  	  t ∈ [0, T ]  




τ (r))dr ≤ (E(0, z0) + C0) exp(Λ1t).
)2*
&		 	 *   C  C ′   	  τ > 0
‖Zτ‖L∞(0,T ;Z) ≤ C, )2*
‖Ẑτ − Zτ‖L∞(0,T ;Z) ≤ ‖Zτ − Zτ‖L∞(0,T ;Z) ≤
Λ1
κ− ψ∗ τ. )2-*
"  		   	    	 	 	  
‖Ẑ ′τ‖L∞(0,T ;Z) ≤
Λ1
κ− ψ∗ 	 τ ∈ { T/k | k ∈ N }. )2,*
.	 " #& #   
  C 
   )&* 
 #  !
 
# Ψ &  
    #  tk−1τ 6 t
k
τ ∈ Pτ






≤ E(tkτ , zk−1τ )
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 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 E   	
 # & )# ),**6   #& #
)2* 
|E(t, Zτ (t))| + |E(t, Zτ (t))| ≤ C ∀ t ∈ [0, T ],
&
 )2*6  
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Z 8
6  /   	7	
 (Ẑτjn )n∈N6 &  & 
  (Ẑn)n∈N #
 3  6 
     #	
 
 z ∈ W 1,∞(0, T ;Z) 	  )2,* 
6  )2-*6








 	 #	   )2*
L 
  Zn6 Zn 
 tn  !
 # Zτjn 6 Zτjn 
 tτjn 6 3 6 & 
 )2*  3   &( 

∂vΨ(Zn(t), 0) + ∂E(tn(t), Zn(t))  0 ∀t ∈ (0, T ],
 
  & # )* 
 )* &6  	 (3 
   t ∈ (0, T ] :/0 
6
 /   7	
 ξn & 
ξn ∈ (∂E(tn(t), Zn(t))) ∩ (−∂vΨ(Zn(t), 0)) ⊂ B∗CΨ(0),
&    
	 




 ξnk ⇀ ξ∗ L 
  &( 
 33  )22* # ∂E 
 )2J*
# ∂vΨ(·, 0)6  &   

 tn(t) → t6 Zn(t)) ⇀ z(t) 
 Zn(t) ⇀ z(t)6
&  
 ξ∗ ∈ ∂E(t, z(t)) 
 −ξ∗ ∈ ∂vΨ(z(t), 0) 	    3 
∂vΨ(z(t), 0) + ∂E(t, z(t))  0,
&    7	 
  )'Ψ*  <3  
 ,6 ;( 26 
 <3  
 
? 3  
 
 )Ψ*6 & :    
!   ∫ t
0
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 )22* &  ∂tE(r, Zτ (r)) → ∂tE(r, z(r)) #  r ∈ [0, T ] 	6
 
  & # )* 




 L∞(0, T ) ?	6 
A	 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 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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∂tE(r, Zτ (tτn(t)))dr + lim inf
n→∞
(E(t, Zτ (tτn(t)) − E(t, z(t))) ≥ 0.
)2,2*
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L∞(0, T ;Z × Z). ?	6 33 
 ?   
  3 X := Z × Z6  	!
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 	 {νt}t∈(0,T ) ∈ Y(0, T ;Z×Z)
; 























 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 & # )2,*6 )2*6 
 )*6 #  t ∈ (0, T ) &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vdσt(v) #  t ∈ (0, T ).
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 )' **6 # v = ż(t)0
Ψ(z(r), ż(r)) + 〈ξ(r), ż(r)〉 ≥ 0 #  r ∈ (0, t),
& ξ(·)    	   
 # ∂E(·, z(·)) B 
 
   &    
 	
#	 )* )# <3 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E(t, z(t)) + Ψ(z(t), ż(t)) ≥ ∂tE(t, z(t)) #  t ∈ (0, T ).
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|λ1(τ)|dτ, T̃ := t̃(T ),    	   Ẽ(s, z) := E(t̃−1(s), z)
,
	 (s, z) ∈ [0, T̃ ] × Z  λ̃1(s) := λ1(t̃−1(s)), s ∈ (0, T̃ ). (   )*


|∂sE(s, z)−∂sE(s, ẑ)| ≤
λ̃1(s)
1 + |λ̃1(s)|
‖z−ẑ‖ ∀z, ẑ ∈ Z 	   s ∈ (0, T̃ ).
( (	 5 6 	  *    z̃ ∈ W 1,∞(0, T̃ ;Z)  .	
, -    	 [0, T̃ ] 
  	
   z ∈ W 1,1(0, T ;Z) 
	 	
  	 
( 	 		     %
  	     : 
λ1  Λ∗ :=
∫ T
0





λ1(s) ds = kΛ∗/N  (
τN → 0  )2-*  	   δk ≤ Λ∗/(N(κ−ψ∗)) ;   	  
  )2,*          
 	 t →
∫ t
0
λ1(s) ds (   	 	%  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   
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∂Ψ(ż(t)) + DE(t, z(t))  0
  6 & 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 
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  Ψ    
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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Ψ(v) ≥ cψ‖v‖6 &    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 336  
∂Ψ(z(t), ż(t)) + Az(t) − (t)  0
  	 6  6  
   	   7	  
 A : Z → Z ′   
  !
3  +6    3 
 3
  Ψ 	  	  (z, v) → Ψ(z, v)2
   
 C1,Lip 
  Ψ(z, ·)     
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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E ∈ C2([0, T ] × Z; R)















∀ t ∈ [0, T ] ∀z ∈ Z : ‖∂tDE(t, z)‖ ≤ CEtz. ),*
∀ t ∈ [0, T ] ∀z ∈ Z : ‖D2E(t, z)‖ ≤ CEzz, )2*
∀ t ∈ [0, T ] ∀ z1, z2 ∈ Z : ‖D2E(t, z1) − D2E(t, z2)‖ ≤ CEzzz‖z1−z2‖, )*
∀ t ∈ [0, T ] ∀ z1, z2 ∈ Z : ‖∂tDE(t, z1) − ∂tDE(t, z2)‖ ≤ CEtzz‖z1−z2‖. )J*
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 H(t, z) = D2E(t, z) ∈ L(Z,Z ′) 
∃κ > 0 ∀ t ∈ [0, T ] ∀ z, v ∈ Z : 〈D2E(t, z)v, v〉 ≥ κ‖v‖2. )*
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  Ψ : Z × Z →
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Z ⊂ X ⊂ X ′′ 
 X ′ ⊂ Z ′.
? 3   	 
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   
  
   Z = H1(Ω) 
 X = L1(Ω)6  
/3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 
 2  &  	 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 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∀ v ∈ Z : ‖v‖X ≤ CX‖v‖ 
 ∀σ ∈ X ′ : ‖σ‖Z′ ≤ CX‖σ‖X′ . )*

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 ‖ · ‖X 
 ‖ · ‖6
# )J*0
∃CΨX ∈ (0,∞] ∃ cΨX > 0 ∀ z, v ∈ Z : cΨX‖v‖X ≤ Ψ(z, v) ≤ CΨX‖v‖X , )-*
∃CΨ > 0 ∃ cΨ ≥ 0 ∀ z, v ∈ Z : cΨ‖v‖ ≤ Ψ(z, v) ≤ CΨ‖v‖. )*
    cΨ = 0 
 C
Ψ
X = ∞  &     B6 )*
&  cΨ > 0  3  )-* &  c
Ψ
X := cΨ/CX 6  &  )-* &  C
Ψ
X < ∞  3 
)* &  CΨ := C
Ψ
XCX  8&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∃ δ > 0 ∀ t ∈ [0, T ] ∀ z, v ∈ Z : 〈H(t, z)v, v〉 + DzΨ(z, v)[v] ≥ δ‖v‖2. )*
@
   
6 )*  3   
/  	3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 )* &  κ = δ6 
〈H(t, z)(−v), (−v)〉 = 〈H(t, z)v, v〉 
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 B : Z × Z ′ → [0,+∞]6 &  &  
	  

=K'2>6 3  
   
  0
B(z, σ) := sup{ 〈σ, v〉 − 1
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 B(z, ·) : Z ′ → [0,∞]   
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 C(z) ⊂ Z ′ " Ψ * )-*+  
)-*  )%,* Ψ(z, ·)  
 , 
 * )%*+  
 	 
 C(z)∗
 C(z) # " 
 )%*  	! 

 B(z, σ) = BC(z)(σ) 	  z ∈ Z 
σ ∈ Z ′
 :
   	 Y 
    Y0  
Y := { (z, σ) ∈ Z × Z ′ : B(z, σ) = 1
2
},
Y0 := { (z, σ) ∈ Z × Z ′ : B(z, σ) ≤ 12 }.
)2*
%  
  & # ;( 6 
  (z, σ) ∈ Y  # 
 
  # σ ∈ ∂C(z)6 

(z, σ) ∈ Y0  # 
 





Z × B1/Cψ(0) ? 
 # Y0    
 7	 
   #   3
z → C(z)   7	
   3  
  
 3 # Z × Z ′ )#
	3 
 )2J**6 
   #& # #  &  
 
	  #  3
(z, σ) → B(z, σ)
? 	 9
  # B(z, ·) &  3  σ :
  /  

 3
)3  	 !	* J(z, ·) : Z ′ → 2Z 0
J(z, σ) := ∂σB(z, σ) ⊂ Z ∀σ ∈ Z ′.
"
   cΨ = 06 &    J(z, σ) = ∅ "
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 B(z, ·)   #	
 
 
 X ′6  C6  
	 
 BX(z, ·) :=
B(z, ·)|X′  ' 














JX(z, σ) = ∂X
′
σ BX(z, σ) ⊂ X ′′,
& ∂X
′




∀w ∈ J(z, σ) : 1
(CΨ)2




∀w ∈ JX(z, σ) : 1
(CΨX)
2






 [0, T ] × Z\{0} × Z ′ & :
 
6 3  	 !	 #	
 
  
V (t, z, σ) :=
{
{ 1〈H(t,z)w,w〉+DzΨ(z,w)[w] w | w ∈ J(z, σ) }  # 0 ∈ J(z, σ) = ∅,
{0}  # J(z, σ) = ∅.

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6 V (t, z, σ) ⊂ Z 
6  




V (t, z, ·)   (−1)!
	6  6 V (z, rσ) = 1
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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 v  
 V (t, z, σ)  #   3   	
 ‖v‖ ≤ CΨ/δ












 C  		   
	  
 =+?26 ' Q %33B>






∃LV > 0 ∀ t ∈ [0, T ] ∀ (z1, σ1), (z2, σ2) ∈ Y ∀ vj ∈ V (t, zj, σj) :
〈σ1 − σ2, v1 − v2〉 ≥ −LV
(
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 C := ∂Ψ(0)  
 (z, σ) ∈ Y     σ ∈ ∂C ,	
	 (z, σ) ∈ Y  J(z, σ) ⊂ NC(σ) #	  NC(σ)     
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 

	 E(t, z) = 1
2
‖z‖2 − 〈(t), z〉 
  ∈ C1([0, T ], Z ′) ,		   X = Z
 cΨ = c
Ψ
X > 0  CΨ = C
Ψ
X < ∞  
  Ψ 	 
 "
*+  
 Φ : (z, v) → Ψ(z, v)2   C2(Z × Z)   )*
*+ 	  z ∈ Z 
 
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|〈σ1 − σ2, v1 − v2〉| ≤ LV ‖σ1−σ2‖
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 |DvΨ(z, v)[v]| ≤ (1−δ)‖v‖2  H(t, z) = 1
+#! #  E  
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 ∂tE(t, z(t))   6  
	  
Sloc(t) #  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 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∀ t ∈ [0, T ] ∀ z1, z2 ∈ Sloc(t) ∀wj ∈ JX(t, zj,−DE(t, zj)) :
|X′〈∂tDE(t, z1), w1〉X′′ − X′〈∂tDE(t, z2), w2〉X′′|
≤ CLipγ
(
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 CΨX <∞ 
 	 
 ),* 
 )J*6 &  

‖w‖X′′ ≤ ‖σ‖X′/(cΨX)2 ≤ CΨX/(cΨX)2 ∀w ∈ JX(z, σ), ∀(z, σ) ∈ Y0. )*
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 
 E(t, z) = U(z) − 〈(t), z〉6    
	  #  ∈ C1([0, T ], X ′) 
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 )*)J* )* )-*  CΨX < ∞ )*  cΨ > 0
)* )* )* )*  )-* (   	  )	
 )* 	  
		 	 *  C1, C2 > 0  	     
cΨ  C
Ψ
X      	   (z1, z2) '
‖z1(t) − z2(t)‖ + |B1(t) − B2(t)| ≤ C1 exp(C2t)
(
‖z1(0) − z2(0)‖ + |B1(0) − B2(0)|
)
,
	    Bj(t) = B(zj(t),−DzE(t, zj(t))) 	 j = 1, 2.
  	
 7	

















 b : Sloc(0) → [0, 1/2], :
  z → B(z,−DzE(0, z)) ? #& 

( &      	I 
   3 cΨ > 0  





  4	 
 




cΨ > 0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  Z × Z ′  	  (z, σ) ∈ Y0  w ∈ J(z, σ),














#	 ≤(1)  	 )*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 DzB    Y0 ( 
),*  )* 
 
 w  J(z, σ) = ∂σB(z, σ) 
 ‖w‖ ≤ ‖σ‖/(cΨ)2 ≤
CΨ/(cΨ)
2     
! 

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w ∈ J(z, σ) = ∂σB(z, σ) ⇐⇒ σ ∈ Ψ(z, w)∂vΨ(z, w), )*
y ∈ ∂zB(z, σ) ⇐⇒ y = −Ψ(z, w)DzΨ(z, w) # w ∈ J(z, σ) )*
+6  
  & # <3  
 %6  # (z, σ) ∈ Y 6 




 # C(z) = ∂Ψ(z, 0)  
  3 
 σ6  6 NC(z)(σ) = { rw : r ≥ 0, w ∈ J(z, σ) }
"  "  
    
σ ∈ ∂C(z) ⇔ B(z, σ) = 1
2
⇔ ∀w ∈ J(z, σ) : Ψ(z, w) = 1. ),*
.	 ? 3# #  
 7	 




 # C(z)∗ )# ;( *6 





  3     
  
  
 V (t, z, σ) &    3
 &
"  " )*  )*    
∀ (t, z, σ) ∈ [0, T ] × Y : ‖v‖ ≤ CΨ/δ 	  v ∈ V (t, z, σ).
.	 L 
 ),*6 
 w ∈ J(z, σ) &  (z, σ) ∈ Y  : Ψ(z, w) = 16 
 	
)*  3  ‖w‖ ≥ 1/CΨ 8&6 /3  
 )*6 # v ∈ V (t, z, σ) & 
‖v‖ ≤ ‖w‖/(δ‖w‖2) ≤ CΨ/δ
"
  7	6 & 	   #	
 
 z, z1, z2 ∈ C([0, T ], Z)  	 
 #
	   7	 
 0 ∈ ∂vΨ(z, ż) + DzE(t, z)  :   #& 	 & 
 #  	 
   6 & &  	  
 

ς(t) = −DzE(t, z(t)) 
 ςj(t) = −DzE(t, zj(t)), j = 1, 2,
	     7	 
 
ς(t) ∈ ∂vΨ(z(t), ż(t)). )2*
  	 
 # )2*6 &  )# ? , 
    ),**






 =K'2>6 &   
 	 
 z : [0, T ] → Z 
)2*  :
ż(t) = λ(t)v(t), &  v(t) ∈ V (t, z(t), ς(t)) #  t ∈ [0, T ],
#  	  I 
 λ(t) ≥ 0
"









 # ż(t) "
6 & 




ż(t) # t &  α̂(t) > 0.
 
	 
6 Ψ(z(t), w(t)) = 1  # α̂(t) > 0 L
  
  
6 &  
  1!
  # Ψ(z, ·)  ∂vΨ(z(t), ż(t)) = Ψ(z(t), w(t))∂vΨ(z(t), w(t))
+6 	
  	3 
 ż(t) = 06 & 
	  )* 
ς(t) ∈ ∂vΨ(z(t), ż(t)) ⇐⇒ w(t) ∈ J(z(t), ς(t)).
B 
  #6 &   
#  #  t ∈ (0, T ) &  ż(t) = 06 

ż(t) = α̂(t)w(t) & 
{
α̂(t) = Ψ(z(t), ż(t)),
w(t) ∈ J(z(t), ς(t)).
   w(t) = 1
α̂(t)
ż(t) ∈ Z  t ∈ [0, T ]  
 &  ż(t)   
 :
 
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 ),* 
 )J**6 & 
‖w‖L∞([0,T ],X′′) ≤ CΨX/(cΨX)2 

(





 # )-* 
 ),* '  6 # cΨ > 0 & 
‖w‖L∞([0,T ],Z) ≤ CΨ/(cΨ)2 

(








 v : [0, T ] → Z # V  
v(t) =
{ 1
〈H(t)w(t),w(t)〉+DzΨ(z(t),w(t))[w(t)]w(t)  # w(t) ∈ Z,
0 .
+6 &  
	   #	
 
 α : [0, T ] → [0,∞]  
α(t) = α̂(t)
(
〈H(t)w(t), w(t)〉 + DzΨ(z(t), w(t))[w(t)]
)






 	  ż(t) = 0  3  α(t) = 0 ?#6
#  t ∈ (0, T )  I 
 λ(t)  




&  α(t)6 	 & 
	   	  3
 
 #	 # ż(t)0




β(t) = B(z(t), ς(t)) 
 γ(t) = −〈∂tDzE(t, z(t)), w(t))〉. ),*
?  
 #   	 
 &      3# ) <3  
 






B(z(t), ς(t)) = γ(t) − α(t) ),*
&  &  
  






 &       #   "
 #6   &   
 #     #
   
   & 
 cΨ > 0
  ! # % B   :
  
 # α 




3    




33  # B 8&6   	  
  & 
 
   #	 

 	 	 
 # )2* 





% z    	 
  )2*6  #	
 
 β ( 	  
   
 [0, 1/2]. "

   	   




 &   #  t ∈ [0, T ]0
ς(t) ∈ ∂vΨ(z(t), ż(t)) ⇐⇒
{
〈ς(t), ż(t)〉 = Ψ(z(t), ż(t)),
∀ v ∈ Z : 〈ς(t), v〉 ≤ Ψ(z(t), v). ),*
? 
/ 	  
 3 #	0
"  &	   t ∈ [0, T ]    
〈ς̇(t), ż(t)〉 = DzΨ(z(t), ż(t))[ż(t)].
.	 @    !
    
 ),*  3 
〈ς(t) − ς(t− h), ż(t)〉 ≥ Ψ(z(t), ż(t)) − Ψ(z(t− h), ż(t)).
O   
  h > 0 
 	 
  z 
 ς  A 3 C6 & 
ς̇(t) = −∂tDzE(t, z(t)) − D2zE(t, z(t))ż(t) ),,*
)   
 	 #  C2 #	
 
 E*6 & :
  〈ς̇(t), ż(t)〉 ≥ DzΨ(z(t), ż(t))[ż(t)]
?( 
 h < 0 
    




& &        3     
  #	
 




 *    )* )* )2* )-* )* )* )*
 )*  ( 	   t ∈ [0, T ]    
α̂(t)‖w(t)‖2 ≤ Cw, ),2*
	  ‖ż(t)‖2 ≤ CwΨ(z(t), ż(t)) 	 Cw := min{Cmaxγ /κ, (CψF /κ)1/σCLip/cΨX} 
		









.	  &   3     ),2*0  
	 
 
 # 	 3#
&6   &   
      # α̂(t)‖w(t)‖2   7	 
  














〈H(t, z(t))ż(t), ż(t)〉 = 〈H(t, z(t))ż(t), w(t)〉
= −〈ς̇(t) + ∂tDzE(t, z(t)), w(t)〉
=(1) −DzΨ(z(t), w(t))[ż(t)] − 〈∂tDzE(t, z(t)), w(t)〉




















&   3     	 ),2*6  
 ρ ≤ Cρ1−σ+D 
  ρ ≤ min{C1/σ, D}
  # =(1) & 	 A  
  α̂(t) > 06 # =(2) & 	  !
	3 
 )* 




 	 #&  3 #  :
  
 )* # α  
  # α̂ 
 w
&6 & #	  
  	 #	 ),*6  
 β̇ = γ − α
 ,   )-*  )*   CΨX < ∞  cΨ >
0   )* )* )2* )* )*  )* (    β :
[0, T ] → [0, 1/2]; t → B(z(t), ς(t))     ),*    
d
dt
β(t) = γ(t) − α(t) 	   t ∈ [0, T ] 





|β(t) − β(s)| ≤ (Cα + Cmaxγ )|t− s| 	  s, t ∈ [0, T ]. ),J*
"
 #6 	
   	3 
   	  3   &   #	
 

(z, σ)  Z×X ′ → B(z, σ)  :   
 	 
 	 (z, σ) ∈ CLip([0, T ], Z×
X ′) ?
6  	 &	 #& #  7	 
 X ∼ Z6 	  cΨ > 0
.	 L
  	3 
 cΨ > 06 & (
&  w ∈ L∞([0, T ], Z)6  )*
? :
  
 # B 
 w(t) ∈ ∂σB(z(t), ς(t))  3
β(t) = B(z(t), ς(t)) = 〈ς(t), w(t)) − 1
2




#  ŵ ∈ Z ?	6 &  

β(t) − β(t− h) ≤ 〈ς(t) − ς(t−h), w(t)〉 − 1
2
(
Ψ(z(t), w(t))2 − Ψ(z(t−h), w(t))2
)
O   
  h > 0 
 ( 
     h ↘ 06  A 3 C 
 








β(t) − β(t− h)
)
≤ 〈ς̇(t), w(t)〉 − Ψ(z(t), w(t))DzΨ(z(t), w(t))[ż(t)]
O
   !
   #   #	  β̂(t)0 
6   	 
 # 
 ż(t) = 0 
 ż(t) = 0   &  β̂ = γ − α    ? 
	








      7	 β̂  
 [0, T ]
    	
  
 	  
  






& %   
 ;( 6    
  
  3  
B : Y0 → [0, 1/2]   )* A 3 C &  





 ∞ # cΨ ↘ 0 &6  
 
  A 3 C 
 
		
	 Γ : t → (z(t), ς(t)) ∈ Z×Z ′ &    









6 ),J*      
7	
 # ),*6 )*6 
 <3  
 -





 z2  & 	 
  < 6 3
 





 z02 0 #  t ∈ (0, T )6 & &  	  
 

ςi(t) := −DE(t, zi(t)), αi(t), γi(t), Ji(t) := J(zi(t), ςi(t)),




    	 




 #	 )-*6 &  # i = 1, 2
żi(t) = αi(t)vi(t), &  vi(t) ∈ V (t, zi(t), ςi(t)) #  t ∈ [0, T ].
& 
 =K'2>6 	 : 3 &    &  	    #  7	
  
αi6 βi6 
 γi6 i = 1, 26  
 A  & "
6  3# #   6 & 
& 3
  #  ( # 3
6   
	   	
 3
# =K'26 A >
"   )* )* )2* )-*  CΨX < ∞ )*  cΨ > 0
)* )*  )*  z1, z2     .	 , - (




    /   
    N ⊂ (0, T ) 	
 # t ∈ (0, T ) \ N  7	
   αi6 βi6 γi6 




6 & &  & 
  t  




 %	 ż1(t) = ż2(t) = 0 ?








|β1 − β2|(t) ≤ | ddtβ1(t) −
d
dt
β2(t)| = |γ1(t) − γ2(t)|

 ),* 
 A ż1(t), ż2(t) = 0 ?
6 (zi(t), ςi(t)) ∈ Y 6 &










|β1 − β2|(t) = 0 +6 & 
 
),* &  αi(t) = γi(t),   ),*   &
, %	 ż1(t) = 0 
 ż2(t) = 0 ?
6 α1(t) = 06 ddtβ1(t) = γ1(t)6 & 
β(t) = 1/26 d
dt
β2(t) = 0 
 α2(t) = γ2(t) > 0 "
 3 	6 |α1(t) − α2(t)| =
α2(t) 
 |β1(t) − β2(t)| = 1/2 − β1(t) 

|α1(t)−α2(t)|+ ddt |β1−β2|(t) = α2(t)−
d
dt
β1(t) = γ2(t)−γ1(t) ≤ |γ2(t)−γ1(t)|.
% 
6 ),* 
%   ż1(t) = 0 














〈DE(t, z1(t)) − DE(t, z2(t)), z1(t) − z2(t)〉.
@& 
   κ!	
 # 
/  
   
 # E(t, ·) & 
√
κ‖z1(t) − z2(t)‖ ≤ 	1,2(t) ≤
√
CEzz‖z1(t) − z2(t)‖. ),*
@	 	          .
&!3   # 	1,2(t) + M2|β1(t) −
β2(t)| )# )2J* &* @	 
 7	 &   
 ),* &  	  	

  )
	   
  
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"   )* )* )2* )-*  CΨX < ∞ )*  cΨ > 0
)* )* )*  )* ( 	    z1, z2  .	 , -















.	 @# 	 ),-*      	 &
 ż1(t) = ż2(t) = 0
A 	 
 	33  ż1(t) = 0 = ż2(t)6 &   3  α1(t) > 0 
 α2(t) > 0.
L 
 )-*6 & 
〈ς2(t)−ς1(t), ż1(t) − ż2(t)〉 = 〈ς2(t)−ς1(t), α1(t)v1(t) − α2(t)v2(t)〉
= α1(t)〈ς2(t)−ς1(t), v1(t) − v2(t)〉 + 〈ς2(t)−ς1(t), (α1(t) − α2(t))v2(t)〉.
A 	 
&     & 	
 3   : 	

 		  )*  











?    #& # )2* 




〈ς2(t)−ς1(t), (α1(t)−α2(t))v2(t)〉 ≤ ‖v2(t)‖‖ς2(t)−ς1(t)‖|α1(t)−α2(t)|
≤ (CΨCEzz)/δ‖z1(t)−z2(t)‖|α1(t)−α2(t)|,
)2*







   ż1(t) = 0 
 ż2(t) = 0 &  α2(t) = 06 
 &    #&0
〈ς2(t)−ς1(t), ż1(t)−ż2(t)〉 = 〈ς2(t)−ς1(t), (α1(t)−α2(t))v1(t)〉
≤ ‖ς2(t)−ς1(t)‖‖v1(t)‖|α1(t)−α2(t)|
≤ (CΨCEzz)/δ‖z1(t)−z2(t)‖|α1(t)−α2(t)|.
?	6      ),-*    
   )*)J* )-*  CΨX < ∞ )*  cΨ > 0
)* )* )*  )* ( 	    z1, z2  .	 , -





























 &  &  
    # =+?2>6 &  
&    LV = 06 
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 & 	   




T1 = 〈∂tDE(t, z1(t))−∂tDE(t, z2(t)), z1(t)−z2(t)〉
T2 = 〈A1(t), ż1(t)〉 − 〈A2(t), ż2(t)〉, & 
Aj(t) = Hj(t)(z3−j(t)−zj(t)) + ς3−j(t) − ςj(t).
?  T1       	 
 )J*6 
 |T1| ≤ CEtzz‖z1(t)−z2(t)‖2 













 )*   
 |T2| ≤ CEzzzCLip‖z1(t)−z2(t)‖2
L 
    #  3 	 A  
  
    # T1

 T2      	















 #  #	
 
 B    
  #    
 d
dt
β = γ − α




 ),*  M2   
  
    )22* 
  
 











% γj  
 3
 
       żj6    	  
 &
#  A 3 C  
L 
 ),* 
 )-*6 &  
#  #  t ∈ (0, T )
|γ1(t) − γ2(t)| ≤ CLipγ
(

















#  t ∈ (0, T ), )2J*









 m(t) := 	1,2(t) + M2|β1 − β2|(t)  :  .
&   ddtm(t) ≤
M3m(t)6 &  m(t) ≤ m(0) exp(M3t) # t ∈ [0, T ] L 
 ),*6 &  
 
    # 	  
 ? 26 

‖z1(t) − z2(t)‖ + |β1(t) − β2(t)| ≤ C1 exp(C2t)
(
‖z1(0) − z2(0)‖ + |β1(0) − β2(0)|
)





 C2 = M3
?	6 ? 2   3 
,
 # 		 
8





&  	 (X ∗, ‖ · ‖∗X ) "
  
/  












A C ⊂ X   

!36 6 
/  ! & 
  ∂C   	
6 

 IC    
  #	
 
 ?  	  C∗ ⊂ X ∗  C  
C∗ := {y ∈ X ∗ : 〈y, x〉 ≤ 1 ∀x ∈ C}.
 6   P/   # X 6 (C∗)∗ = C   :
  %% 
MC : X → [0,+∞] # C 
MC(x) := inf{s > 0 : 1sx ∈ C}. )%*
@ 
MC(x) ≤ 1 ⇔ x ∈ C 




  	33 #	
 









MC(x) = sup{〈y, x〉 : y ∈ C∗}, MC∗(y) = sup{〈y, x〉 : x ∈ C} ∀x ∈ X , y ∈ X ∗.
)%,*
 
6  	  
	  * #	
 








 BC∗  "
  & # )%*6 &  BC(x) = 12  # 
 

 # x ∈ ∂C " 





# # BC, 
 
	 # BC6  {
BC∗(y) = supx∈X{〈y, x〉 − BC(x)}
BC(x) = supy∈X ∗{〈y, x〉 − BC∗(y)}
#  x ∈ X 6 y ∈ X ∗. )%*
 
  JC  	 9





 3 ? #& 
 	 		 =K--6 A  
 <3
> )
      
 







    C        *  (
MC∗(y) = MC(x) ∀x ∈ C, y ∈ JC(x). )%J*
		
JC(x) ⊂ ∂IC(x) ∀x ∈ ∂C, )%*




6 &    #& 
 A )  =%26 B3 2 B J>*
"    ψ1, ψ2 : X → (−∞,+∞]    	 	 *     
 " 0 ∈ (D(ψ1) −D(ψ2)),  D(∂(ψ1 + ψ2)) = D(∂ψ1) ∩D(∂ψ2), 
∂(ψ1 + ψ2)(x) = ∂ψ1(x) + ∂ψ2(x).
$ % 	 	
  &	' 
%	   #& 
 :
  




 3   36 & &       
 #  3 P/ 

 3 X 6  
 P/   3  
  	    
  3# # ?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